Gluing conditions are proposed to characterize the D-branes in gauged WZW models.
Introduction
D-branes on group manifolds are characterized by the gluing condition J = −RJ at the boundary [1] - [3] . It has been shown that the maximally symmetric gluing condition J = −J (in the closed string picture) constrains the end points of open strings to conjugacy classes of the group manifold [1] . To make the Wess-Zumino-Witten (WZW) action for open strings well-defined, the position of the conjugacy classes has to be quantized -in perfect agreement with the Cardy boundary states. Related aspects of D-branes on group manifolds have been discussed in [4] - [13] using various approaches.
D-branes on coset models have been studied more recently [14] - [18] . It was shown how the D-branes can be given a geometrical interpretation from the point of view of the gauged WZW model. In [15, 16] , more general boundary conditions were proposed for the group-valued field g in the gauged WZW model, and an algebraic classification of Cardy boundary states on a G/H coset conformal field theory (CFT) has been realized geometrically on the gauged WZW model.
In the G/H gauged WZW model, the boundary value of the group-valued field g ∈ G was suggested to be constrained to a product of two conjugacy classes, one for G and the other for H [15, 16] . This result was reached essentially by demanding that the vector (diagonal) gauge symmetries of g in the bulk are conserved when the boundary conditions are imposed. The boundary condition for the gauge field A was mentioned in [16] , but there g is assumed to be in a single conjugacy class of G instead of in the product of two conjugacy classes. It is interesting then to see how one can give a consistent description of the boundary conditions for the group-valued field g and the gauge field A (or equivalently, for g and fields U,Ũ ). Consistency of the gauged WZW action gives quantization conditions for the position of the conjugacy classes. For the U(1) case, however, the quantization condition does not hold. In [14] , it was shown that for the SU(2) k /U(1) coset model the corresponding sigma model seems to possess a U(1) symmetry of shifts of φ, but it was argued that this axial U(1) symmetry is anomalous, and should be broken to a Z Z k symmetry. However, the boundary term for open strings is ignored in the sigma model action in [14] , and one may wonder if the boundary term displays this Z Z k symmetry.
Motivated by the above, we propose gluing conditions in the gauged WZW model that resemble those in the ordinary WZW model. These gluing conditions enable us to characterize the D-branes explicitly, and to determine the boundary conditions for all fields in the coset model. Our results pertain to the maximally symmetric D-branes in the gauged WZW model. We recover the boundary conditions on g [15, 16] , and also extend the result to cover gluing conditions twisted by inner automorphisms of the subgroup H.
We find that in the product of the twisted conjugacy classes, the twistings cancel, and we are left with the same product of (untwisted) conjugacy classes appropriate to the untwisted case. Furthermore, from our gluing conditions, we construct the gauged WZW action for open strings. The new feature is that the two-forms ω depend on the boundary value of one of the H-valued fields U,Ũ (U, say). When rewriting our action in terms of the gauge field A, we find that the resulting action coincides classically with that in [15, 16] . This is possible because the U-dependent terms from different sources cancel in a nontrivial way; this indicates that our gluing conditions indeed describe D-branes in the gauged WZW model. Finally, we consider the gauged WZW action for SU(2) k /U(1). We find that under U(1) transformations, the action is changed. The boundary term breaks the U(1)
The layout of this note is as follows. In Section 2, we introduce the gluing conditions J = −J and K = −K in the gauged WZW model, and obtain the boundary conditions for fields g, U,Ũ. We then consider twisted gluing conditions, and find that inner automorphisms of H do not change the boundary restrictions of g -only U,Ũ are affected.
In Section 3, we construct the gauged WZW action for open strings from our gluing conditions, and compare it with that in [15, 16] . In Section 4, we focus on the SU(2) k /U (1) case, and show how the boundary term induces the U(1) → Z Z k symmetry breaking. A short summary is presented in Section 5 as our conclusion.
Gluing conditions in the gauged WZW model
The level-k WZW action for closed strings on a compact, connected, simply connected, Lie group G may be written
where
tr(dgg −1 ) 3 , and B is a three-dimensional manifold bounded by Σ. The chiral currents are
respectively.
One may gauge the vector
The resulting local symmetry transformation is then
with m an element of the subgroup H ⊂ G. Introduce the "gauge fields" U,Ũ ∈ H, transforming as U → mU,Ũ → mŨ . A gauge invariant action is
Here S H is defined as in (1) except that the trace used tr H {·} is that appropriate to the Lie algebra Lie H of H, and the level is k H . Let t H denote an element of Lie H, and let ǫ be the embedding of Lie H in Lie G, so that ǫ(t H ) is the element of the subalgebra
, where the subscript G is included for clarity, and ι is the index of the embedding. Therefore, by the construction
Making use of the Polyakov-Wiegmann identities
and defining
results in the gauged WZW action [19, 20] 
Note that the vector fields A z , Az take values in Lie H.
Working backwards then, the gauged WZW action (6) may be rewritten as a coset action [19, 20] 
Each WZW action in the gauged WZW action
for the fieldsg and h [19] , and the associated currents are
J and K are associated with the groups G and H, respectively, and the sign difference on the currents stems from the minus sign in front of S H in (7). The two currents are not independent [20] , however, since there is a first class constraint. Recall that the Lie algebra embedding is denoted ǫ : Lie H → Lie G. The components of J and ǫ(−K) in the Lie subalgebra H ⊂ G are clearly related. At the quantum level, the constraint can be expressed as
Here ψ|, ψ ′ | are ghost-free states and t H is any element of the Lie algebra of H. In terms of J and K, the conformal stress-tensor is T = 
: tr G {ǫ(K)ǫ(K)} :. This is a 1 For simple illustration, we have omitted the contribution from the ghost fields.
field-theoretic version of the GKO stress-tensor, confirming that the current K is related to the current of the Kac-Moody subalgebra via the constraint [20] .
In order to describe maximally symmetric D-branes in the gauged WZW model, we will henceforth consider world sheets Σ with nonvanishing boundary, ∂Σ = 0. We propose the gluing conditions
with R an automorphism of the subgroup H. When g = 1,g reduces to h, so the gluing condition K| ∂Σ = −RK| ∂Σ can be induced from J| ∂Σ = −RJ | ∂Σ . Initially, we shall focus on R = 1:
In that case, we see that the gluing conditions may be recast intõ
with Ad(g)y = gyg −1 . The coordinates are related by
The expressions (13) are sensible because, as in the WZW model [1] , wheng and h are restricted to conjugacy classes of G and H, respectively, the operators (1 − Ad(g)) and
(1 − Ad(h)) are invertible when acting ong −1 ∂ σg and h −1 ∂ σ h. On the boundary, we may therefore choose the parametrizations
with U ∈ H. We choose this parametrization so that the boundary value of g in (15) below agrees with that in [16] , up to the change in notation replacing their k with n.
Exploiting (8), we then arrive at
andŨ (τ ) = pl
Thus, the boundary condition (15) for g derived from our gluing conditions (12) agrees exactly with that of [15, 16] : g is restricted to a product of two conjugacy classes, one for G and one for H. Furthermore, and as expected, we see that the fields U andŨ are related on the boundary (16).
2
Now, since all elements of G and H are conjugate to such elements, we can put 
where R > (G) denotes the set of positive coroots of Lie G. Similarly, we can restrict to
Let us now consider the twisted gluing conditions
where r is a fixed but arbitrary element of H. R is thus chosen to be an inner automorphism of H (11). In this case, the elementsg and h are constrained to twisted conjugacy classes of G and H at the boundary, respectively, and may be parametrized as
As before, these boundary conditions are easily translated into those on g, U,Ũ:
andŨ
2 If we choose to write expressions for the fields in terms ofŨ , instead of U , we find that g is a product of elements of conjugacy classes of H and G, instead of the reverse order: G and H. The two conjugacy classes are identical in the two cases, however. This is important for the Cardy correspondence between boundary conditions and bulk primary fields, as we'll see below.
We see that twisting the gluing conditions by an inner automorphism of H does not affect the boundary conditions on g, even though the boundary conditions in each of the sectors (represented byg, h) are affected (19) . The boundary value ofŨ depends on the automorphism through (21). 
Gauged WZW action for open strings
as the gauged WZW action for open strings. B is a three-dimensional manifold bounded by Σ ∪ D. ω(g) and ω(h) are the Alekseev-Schomerus two-forms defined on the conjugacy classes of G and H, respectively. With our parametrizations, they become
On the conjugacy classes, the three-forms χ satisfy
Under the topological change corresponding to coroot lattice vectors s G and s H for G and H in the embedding of the disc, the variations of the action (22) are [4] 
and
Single-valuedness of path integrals involving the action (22) therefore leads to
for any coroots α G and α H of the Lie algebras of G and H. Therefore λ G and λ H are quantized to be associated with integral weights of those Lie algebras. Furthermore, the allowed set
labels the set of bulk primary fields in the WZW model, and similarly for λ H in P k H (H).
Now, pairs of such Cartan subalgebra elements (and so their associated weights)
{λ G , λ H } label the bulk coset primary fields. In the simplest cases, this verifies Cardy's assertion that the boundary conditions are in one-to-one correspondence with bulk primary fields. When G and H share central elements, however, there are the complications of selection rules and their dual field identifications, and there is a so-called fixed point problem in some cosets. All these were discussed in [15, 16] . Remarkably, Cardy's correspondence continues to hold. Possible exceptions are the so-called maverick cosets [22] , that are problematic even in the closed string case.
In summary, the gluing condition
) is restricted to a conjugacy class of the group G (subgroup H), labelled by
. The constraint (10) then indicates that g is restricted to be a product of elements labelled by λ G and λ H . The quantization conditions (27) and (28) then show that we can label the boundary states in the coset theory by {λ G , λ H } with
Our gluing conditions J = −J and K = −K, with the quantization conditions (27) and (28), verify Cardy's correspondence.
The local gauge transformation
with m ∈ H, reduces on the boundary to
Since ω(g) and ω(h) are invariant under the (reduced) local gauge transformations (31), the gauged WZW action for open strings (22) is invariant under the transformation (30).
We may rewrite the gauged WZW action (22) in terms of the gauge fields A and the related H-valued fields U,Ũ. Classically, i.e., neglecting possible quantum corrections from the path-integral measure, we arrive at
with
Since the images of D are also constrained to the conjugacy classes, we extend the boundary conditions (15) and (16) to D. C is defined on D only, so after straightforward calculation, it can be rewritten as
Here c 1 = nf n −1 and c 2 = plp −1 , elements of conjugacy classes of G and H, respectively, and
Notice that ω(n) and ω(p) just written are different from ω(g) and ω(h) given in (23) above. Eqs. (34) and (35) show that all the U-dependent terms in (33) cancel in a nontrivial way. Inserting (34) in the action (32), we recover the action of [15, 16] (see (2.9) of [15] and (3.11) of [16] ). Thus, the open string action (22) constructed from our gluing conditions can be reduced classically to those written previously in a different approach.
To conclude this section, let us discuss the relation of the gluing conditions to the
defined by varying the gauge fields A [21] in a gauged WZW action. One might hope that our gluing conditions could be expressed in a natural way using j,j. This does not turn out to be the case, however. The only simple relations between the currents j,j and J,J, K,K are
and they also involve the fields U,Ũ. The complete set of gluing conditions (12) cannot be rewritten in terms of j,j, only, and so D-branes in the gauged WZW model cannot be characterized in that manner. While the gluing conditions can be rewritten in terms of j,j and U,Ũ, their form is not enlightening.
4 ZZ k symmetry in the SU (2) k /U (1) gauged WZW model When the subgroup H is U(1), the quantization condition (28) is no longer valid. As discussed in [14] , the sigma model for the SU(2) k /U(1) coset model only seems to have a U(1) invariance. It was argued there that the current corresponding to the shifts in φ has a divergence proportional to ∂ α j α ∼ kF zz where F is the field strength of the gauge field, and it is this divergence term that breaks U(1) to Z Z k . Ref. [14] did not include a boundary term which is crucial for open strings, however. Here we show how that boundary term displays the Z Z k symmetry.
In the SU(2) k /U(1) coset model, the boundary condition for g is reduced to
Under the replacement g → gl −1 , the gauged WZW action for open strings (32) becomes
with the boundary condition g(τ ) = n(τ )f n −1 (τ ), so we see the parameter l, which parametrizes the conjugacy class of the subgroup H, can be removed from the action and the boundary condition for g.
Parametrize the SU(2) group element g as (see eqn. (2.18) of [14] )
with σ 1 , σ 2 , σ 3 denoting the Pauli matrices. Inserting (40) into (39), we get
Here we should point out that the boundary term ∂Σ φ dφ is obtained by exploiting the boundary condition g(τ ) = n(τ )f n −1 (τ ) which holds only on the boundary. Therefore the boundary term cannot be shifted to the bulk part of the action. Obviously, there is a U(1) symmetry in the bulk part, but it is broken by the boundary term.
Under the U(1) transformation φ → φ + ∆φ, with ∆φ independent of the coordinates z andz, the variation of S SU (2) k /U (1) is
However, choosing ∆φ = 2π k N with N integer, the Feynman amplitude exp{iS SU (2) k /U (1) } is invariant. Thus, the theory possesses a Z Z k symmetry which quantizes the positions of D-branes in the SU(2) k /U(1) coset model [14] .
Conclusion
We have proposed the gluing conditions J = −J and K = −K to describe D-branes in the gauged WZW model. The gauged WZW action can be written as
showing that the fieldsg, h formally decouple -we can therefore introduce two currents J and K for the group G and the subgroup H. The boundary conditions for g, U,Ũ have been derived from the gluing conditions, and the boundary condition on g proposed in [15, 16] has been recovered.
We have also considered gluing conditions twisted by inner automorphisms of the subgroup H. It was found that in the product of the twisted conjugacy classes, the twistings cancel, and we are left with the same product of (untwisted) conjugacy classes as in the untwisted case.
From our gluing conditions, we have constructed the gauged WZW action for open strings, with the new feature that the two-forms ω depend on the boundary value of one of the H-valued fields U,Ũ. When rewriting our action in terms of the gauge field A, we have shown that all the U-dependent terms cancel each other in a nontrivial way, and the resulting action coincides classically with that in [15, 16] . This indicates that these gluing conditions indeed describe D-branes in the gauged WZW model.
We have also studied the gauged WZW action for SU(2) k /U(1). Under a general U (1) transformation, the action is changed due to a boundary term. A Z Z k symmetry subgroup is preserved, however.
